ABSTRACT The beat radio interferometry (BRI) is a novel ranging scheme that achieves high accuracy with low-cost devices. A major problem with BRI is the lack of an efficient range estimation method that is valid in general measurement configurations and accommodates large-scale scenarios. In this paper, we present a new model of BRI and reveal that range estimation in it is equivalent to single tone frequency estimation. Such a revelation has two natural outcomes: the first is the Cramer-Rao lower bound (CRLB) of BRI range estimation; the second is an efficient fast Fourier transform (FFT)-based method that works in arbitrary measurement configurations and large-scale scenarios. Simulation results show that the FFT-based method asymptotically attains the CRLB and is orders of magnitude faster than currently available methods.
I. INTRODUCTION
The beat radio interefemetry (BRI) is a novel ranging scheme that achieves centimeter accuracy with low-cost devices [1] , [2] . It has attracted significant attention in recent year, with various extensions and applications being pursued actively [3] - [6] .
However, there is a major obstacle to its further development and application. The unique feature of BRI responsible for its high accuracy and low cost is also a straitjacket containing its further development. In contrast to conventional phasebased ranging method where only two nodes are involved, each ranging operation in BRI consists of four nodes in which two nodes transmitting sine waves at close frequencies and two others measuring the phases of received beat signals. A linear combination of the distances between the transmitting and receiving nodes, called the q-range, is associated with a so-called phase offset, the difference between phases of the beat signals at two receivers. The measurement equations that associate the q-range and the phase offsets are not only highly nonlinear Diophantine equations, but also are valid only in scenarios where distances between nodes are limited to no more than several hundred meters [1] .
The difficulties with q-range estimation in BRI are two folds. The first difficulty relates to the solution of the Diophantine equations given noisy phase observations [1] , [9] , [10] , [16] . Phase unwrapping methods have been explored extensively to solve the equations efficiently [9] - [14] , [16] , [18] , [19] , [22] - [24] . Methods based on beat wavelength (BW) [18] , [19] , Chinese Remainder Theorem (CRT) [9] - [14] or lattice theory [16] , [22] - [24] work only under special measurement configurations. The second difficulty, perhaps more serious, relates to an additional term in the measurement equations when we employ BRI in a large-scale scenario. It is not known how to adapt the above phase unwrapping methods to such measurement equations. The general configuration and large-scale scenario BRI is essential for military applications with inherent antijamming capabilities [6] , [28] .
In this paper we introduce a new model and reveal that q-range estimation is equivalent to single tone frequency estimation. As a result, we obtain the Cramer-Rao lower bound (CRLB) of q-range estimation. Another natural outcome of the new model is an efficient FFT-based method for q-range estimation that works in general measurement configurations and accommodates large-scale scenarios. We analyzed the computational complexity of the FFTbased method in comparison to grid search and excess fractions (EF) [20] , [21] . Simulation results show that the FFTbased method asymptotically attains the CRLB and is orders of magnitude faster than both the grid search and EF method.
The paper is organized as follows. In Section II, we discuss the difficulties with current q-range estimation methods. In Section III, we first reformulate the system model of BRI to accommodate large-scale scenarios and then present the CRLB of q-range estimation and the FFT-based method. The emphasis is on the insightful connection between q-range estimation and single-tone frequency estimation. Section IV gives simulation results about the estimation accuracy and computational efficiency of the FFT-based method. We conclude this paper in Section V.
II. RELATED WORK
The localization of a node in BRI consists of two stages: q-range estimation and location fixing. Our topic of interest here is the q-range estimation process. It should be noted that q-ranges can be used with ease in the location fixing process in similar ways like ranges. Due to space limitations, we refer the readers to [3] for further information about the location fixing process. If there is no ambiguity, q-range estimation is called range estimation in this paper for simplicity.
Before discussing related work in q-range estimation, we give a brief review of the original system model of BRI. As shown in Fig. 1 , the basic ranging operation in BRI involves two transmitting nodes, A and B, emitting a pair of sine waves at two close frequencies with a difference of δ, whereas two receiving nodes, C and D, measuring the phases of the beat signals. The two sine waves can be specified by a nominal frequency, the average of their frequencies. The overall ranging process consists of multiple such operations at a series of M nominal frequencies. It is shown that the phase offset ϕ(i), the difference between phases of beat signals at the two receivers, is related to the q-range
where f (i) is the nominal frequencies (i = 1, · · · , M ), c is the propagation speed of radio waves, n ∼ N (0, σ 2 ) is the phase noise, and
Assuming that we choose a small enough δ and deploy the ranging system in an area of no larger than 1km across, then the term θ is negligible [1] . The observation equations in (1) are then simplified to
Suppose f min is the minimum frequency interval and all nominal frequencies are multiples of it, that is f i = k i f min , then we have a total of N = B/f min + 1 nominal frequencies, where B is the available bandwidth. The ranging process in BRI is defined by the configuration of nominal frequencies employed f = {f (1), · · · , f (M )}. Measuring at f, a series of relative phase offset = { ϕ(1), · · · , ϕ(M )} is obtained. In this paper, we are interested in general measurement configurations where the nominal frequencies are arbitrarily chosen from the nominal frequencies. Two measurement configurations called linear step-frequency (LSF) and random step-frequency (RSF) are of particular interest. In LSF the nominal frequencies are distributed uniformly on the available bandwidth B whereas in RSF they are chosen randomly from all available frequencies [6] .
The measurement equations in (2) is a standard model of range estimation based on phase observations which have been studied by numerous authors [9] - [14] , [16] , [18] , [19] , [22] - [24] .
A least square estimator of the q-range is given by
where
is the sum of squared residuals, q min and q max are the minimum and the maximum possible q-range respectively. We can find the solution of (2) unambiguously if q max − q min is less than the unambiguous distance (UD) of BRI. According to [27] , we have UD = c kf min (5) where k is the great common divisor (GCD) of {k i }. The least squares estimator can be computed by grid search. But because the sum of squared residuals has numerous small peaks and valleys (Fig. 2) , it is non-trivial to develop efficient searching strategies. EF method is a heuristic method that limits its search on all the possible locations determined by the shortest wavelength [20] , [21] . It has no restriction on the measurement configurations and is more efficient than grid search, but its ranging performance has not been explored in large-scale scenarios where the term θ is not ignored.
The measurement equations in (2) are often reformulated as
where m i is the unknown folding integers. So we have M Diophantine equations with M + 1 unknown parameters (the q-range and M folding integers). Methods based on BW [18] , [19] , CRT [9] - [14] or lattice theory [16] , [22] - [24] provide computational effective ways to solve the above Diophantine equations. But they are valid VOLUME 5, 2017 on the assumption of special measurement configurations. For methods based on CRT or lattice theory, the wavelengths of the nominal frequencies should be scaled to pairwise relatively coprime integers.
It should be noted that all the phase unwrapping methods discussed above are valid only for measurement equations in (2) , where θ is neglected on the assumption of a deployment of BRI in a small-scale scenario. In other words, the original system model of BRI in (2) acts as something like a straitjacket for its further development and application. If we would like to accommodate large-scale scenarios, the additional unknown term θ has to be taken into account as in the measurement equations in (1). But it is not known how to adapt these methods to such measurement equations.
In the next section, we introduce a new model of BRI and reveal that q-range estimation is equivalent to single tone frequency estimation. Based on such an insightful connection, we put forward an efficient FFT-based method for q-range estimation that can accommodate not only large-scale scenarios but also arbitrary measurement configurations.
III. NEW MODEL AND FFT-BASED ALGORITHM
In this section, we first give the reformulation of the BRI model, followed by the CRLB derivation. Then the FFTbased method is proposed based on the new model. At the end of this section, computation complexity of the proposed FFT-based method is compared with that of grid search and EF method.
A. REFORMULATION OF THE MODEL
The observation equation (1) can be reformulated into an equivalent form as
When phase noise n(i) is small, cos(n(i)) ≈ 1 and sin(n(i)) ≈ n(i). Therefore, we have
where z i is independent complex white Gaussian noise. It can be observed from (8) that the estimation of q-range is equivalent to single-tone frequency estimation from discrete observations where q ABCD is the frequency of the single tone, f (i)/c is the sampling time and θ acts as the initial phase. Then existing approaches [17] , [25] , [26] , [29] - [36] in single-tone frequency estimation can be adopted to estimate q ABCD . Denoting = exp(j ), then the joint distribution function of at f with the unknown parameter vector
c q ABCD + θ , and υ i = sin 2π
c q ABCD + θ . The element of the Fisher information matrix of (9) is
Inverting J, we can get the Cramer-Rao Lower Bound (CRLB) of q ABCD such that
B. FFT-BASED METHOD
The maximum likelihood (ML) estimate of A is obtained by maximizing f ( ; A), and the maximum of f ( ; A) will occur at the maximum of log(f ). After some arrangement,the maximum likelihood estimation of q ABCD can be obtained by maximizing the objective searching function (OSF) [17] 
where q ABCD ∈ [q min , q max ]. The function V (q ABCD ) is periodic in q ABCD with a period of UD. It should also be noted that the OSF in (12) is the discrete Fourier transform of exp (j ϕ(i)), so q-range estimation in BRI is equivalent to searching the periodogram peak.
On the surface, the above ML estimator is very similar to the least squares estimator in (3). However, with respect to computational complexity, they are different in fundamental ways: 1) Efficient algorithms like FFT (Fast Fourier Transform) can be used to implement the discrete Fourier transform; 2) The periodogram is much smoother (Fig. 3) than the sum of squared residuals (Fig. 2 ) so that it is friendlier for efficient searching procedures.
Actually, there is a large body of work in periodogram peak search for frequency estimation [25] , [26] . We adopt an FFT-based method with dichotomous search to perform q-range estimation. The method consists of a fast Fourier transform (FFT) based coarse search that aims at finding the maximum bin of FFT and a fine searching of the periodogram peak. In the coarse search, zero-padding is employed to guarantee the maximum bin of FFT is on the main lobe. In the fine search, a DFT (discrete Fourier transform) based dichotomous search is employed to efficiently locate the periodogram peak.
C. COMPUTATIONAL COMPLEXITY COMPARISON
In LSF configuration, it can be easily verified that kf min = B/(M − 1), so according to equation (5) For the proposed FFT-based method, the computational complexity is mainly related to the FFT-based coarse search process and the DFT-based dichotomous fine search process. As zero-padding is employed to guarantee the maximum bin of FFT is on the main lobe, the FFT size is 2M and 2N respectively in LSF and RSF configuration, so the asymptotic computational complexity of coarse search process is O(M log 2 (M )) and O (N log 2 (N ) ) respectively. In each DFT-based dichotomous search process, M basic arithmetic operations are carried out, then the asymptotic computational complexity of the fine search process is O(M ) in both LSF and RSF configuration. So the total asymptotic computational complexity of FFT-based method is O(M log 2 (M )) in LSF configuration and O(N log 2 (N ) + M ) in RSF configuration.
The computational complexity of these three methods is summarized in Table 1 .
IV. SIMULATION RESULTS
In this section, the ranging accuracy of the FFT-based method is verified through Monte Carlo simulation in both VOLUME 5, 2017 LSF and RSF configurations. Its computational efficiency is explored by Matlab implementation. The performance of FFT-based method is compared with grid search and EF method [20] , [21] . The measured relative phase offset ϕ(i) is randomly generated based on equation (1) It is obvious that when phase noise is not large, the FFT-based method can asymptotically attain the CRLB in both LSF and RSF configuration, indicating that the reformulation of the signal model is valid. However, when phase noise is large, MSE of the proposed method not only breaks away from the CRLB, but it does so earlier than the grid search method and is larger than that of the latter (It is more evident in the RSF configuration). This is the bias that shows up when the phase noise becomes too large for the reformulation of the signal model to be valid.
It is also evident that serious bias is introduced in q-range estimation in grid search and EF method. This is the bias introduced by disregarding the term θ. Our proposed FFT-based method outperforms grid search and EF method in MSE when phase noise is not large.
B. COMPUTATIONAL EFFICIENCY
We explore via simulation the computational times of FFT-based method and EF method against grid search. We implement these ranging estimation methods in Matlab for different M in both LSF and RSF configurations. We run the simulation at a ThinkPad T450s laptop computer with Intel(R) Core(TM) i5-5200U CPU at 2.2GHz. The size of search space is set to UD in grid search and EF method. For each measurement configuration, we record computation time of each estimator taken in solving the Diophantine equations 1000 times.
The results are shown in Fig. 5 and Fig. 6 for LSF and RSF configuration respectively. The computational times of grid search increases roughly proportional to M 2 and M in LSF and RSF configurations respectively, just as predicted by our analysis in computational complexity. And it is evident that the computation time of FFT-based method is several orders of magnitude lower than those of grid search and EF method. It can also be seen from the local enlarged drawing that the computational time of FFT-based method increase almost linearly as M increase in both LSF and RSF configuration, which is in consistency with the analysis in computational complexity.
It is also noticed that the computational times of grid search and EF method are different, even though they are the same in asymptotic terms as shown in Table 1 . The difference in computational times results from the difference of constant terms.
V. CONCLUSIONS
The BRI is a novel ranging scheme introduced for node localization in sensor networks. It is a challenge to adapt it to accommodate general measurement configurations and large-scale scenarios due to the difficulties involved in its range estimation process. Traditional methods either restrict themselves to special measurement configurations or not efficient enough. Based on an insightful observation about the range estimation problem, we connect it to single tone frequency estimation and put forward an efficient FFT-based method for range estimation in BRI. Unlike phase unwrapping approaches such as CRT-based method and lattice-based method, FFT-based method has no restriction on the measurement configurations. Simulation result verified that FFTbased method can attain the CRLB and is orders of magnitude faster than currently available methods in large-scale scenarios.
